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Discrete Random Variables and

Probability Distributions
6"789:5); ",<=&5)  "#1)/2,$) *)34&5) 6�−?−@;

 Discrete Random Variables

 "#A+AB C-D+E � "F/GH5)
 )*+,-+.  )*/.012+.  3.45-67+  8*9+.  ):06;  <=>?  ,)*+,--@  3.$@  ABC  )7CD-@  E09F  )2GH  I,9+J  )K$L  M  6?;

:N O? )2G9-@ )*/.01: 3.45-@ PF,Q .RJ D*S E<T>
U3,K,-V+. E<: WX6Y Z[+. � \/.012+. 45-].  6 B ;  

U3,K,-V+. E<: ^K_ WX6Y Z[+. � \/.012+. 45-].  6I;  
U& `+ , aS,b@ 3,K,-V+. E<: WX6Y Z[+. � \/.012+. 45-].  6JK;  

U3,K,-V+. E<: c2d WX6Y Z[+. � \/.012+. 45-].  6 L ;  
:<=>eS _0f+. E<: g: h2Y � \/.012+. i45-]. ",Q .RJ ,j-*+,--@ jk$@ )7CD-@ E09F )2GH I,9+J )K$L M  6M;

Ulmn )o*2+. I,bS  6 B ;  
U� \/.012+. 45-]. p<@  6I;  

Ul� q = �nr = ll� qnEn lmn )o*2+. I,bS s,o: g@ to: WQ u0H> rD-T.  6JK;  
U� \/.012+. 45-67+ vD-TN. ^Yw0-+. )+.E  6 L ;  

:\x � \/.012+. 45-67+ E vD-TN. ^Yw0-+. )+.E PF,Q .RJ  6N;
q&−y&z{

lqnEy|&y|{}y|zy|{  
U} )6*H <=>eS  

,  y|(  =  l{nE  ,  y|&  =  l&nE  ",Q>  {(  ,{  ,z  ,&}  :0x  ~.<@  , a2G9-@  ,�*/.01:  . a45-@  �  ",Q  .RJ  6@;
Uy|z = l(nE

U� \/.012+. 45-67+ E vD-TN. ^Yw0-+. )+.E �-Q. 8C ,lznE <=>eS  
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O� W()*+%P) XYBZ) cH"  "&$  

O� W()*+%P) XYBZ) cH" b#=, !" d=, S/ eABf)  "'($  
O� W()*+%P) XYBU?P R gABfh) iKj*BP) >P)R  " ) $  

:Wk � W()*+%P) XYBU?P R gABfh) iKj*BP) >P)R 1l#/ )\]  "*$

VDCmn
_VaRDomDonDo8DoC  

O� W()*+%P) XYBU?P μ ip*BP) HL9MN  
 *k � [#/ )\qN #&'()*+, >p#r7 1234 ,s'/ t 1%u9 8 ,n ,m ,C v#pwx#7 >Up." >?@AB" -#p#r7 8  "+$

:HL9MN ys'QP) !" >7*3zZ) >p#r2P) {, [9HZ) |p.P)}
O_`a >='%P) 5#6N  " % $  

O� W()*+%P) XYBZ) cH"  "&$  
O� W()*+%P) XYBZ) cH" b#=, !" d=, S/ eABf)  "'($  

O� ir~BZ) W()*+%P) XYBU?P R gABfh) iKj*BP) >P)R  " ) $  
O� W()*+%P) XYBU?P μ ip*BP)  "',$  

O� ir~B" W()*+, XYBZ gABfh) iKj*BP) >P)R �2K g#BP) e9H�)  "-$

V���CD
_VaRC�n�n�C�  

:HL9�  
O_μa ip*BP)  " % $  

O_mσa !K#2BP)  "&$  
O_σa Ew#'%Z) `).3lh)  "'($  
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ABCDEF

GAH2BIDBICJBICBIDJBIE  
 (0K'L-' "78*%-' 9-'2 M NO5 GJHM , GFHM ,GEIJHM , GEHM , GDHM , GCHM , GBHM  :?P>Q  

!� ()'*+,-' ./%01-
!� "#$%&' ()'*+,-' ./%01- M (0K'L-' "78*%-' 9-'2 ROS T,U :;7 3<%-' =>?@'  #!"%

AC−EJW
GAHMBICBIFJBIWC  

:?P>Q  
!GJ ≥ � > C−H=  # & %  

!GW ≥ � > EH=  #'%  
!GE < �H =  #()%  

:3<%-' =>?@' X 4K � ()'*+,-' ./%01- 34%56' "78*%-' 9-'2 (Y 2 Z[%-  #!!%

ACDEF
GAH2BIFBIDBICBIE   

!� ()'*+,-' ./%01- 34%56' "78*%-' 9-'2 \<OU R]^'  
 ()'*+,-' ./%&' � Z[O- _*1,-' `P*-' 9a5bc> :%O-<%%c :dec 91f4%c 9Og?,c 2*$g 9,#S h<$-' ?ij  #!*%

!k^*l-' ^*mn M'ec 2?j op07 _q-'
!GrH 9iO,-' h<st ?P>Q  # & %  

!G�H ()'*+,-' ./%&' u?c ?P>Q  #'%  
!GrH 9iO,-' h<st v<ij Zc wij oK x*S> =4%5' ?P>Q  #()%  

!� ()'*+,-' ./%01- 2 34%56' "78*%-' 9-'2 ?P>Q  # + %  
!� ()'*+,-' ./%01- 2 34%56' "78*%-' 9-'2 R]^'  #(,%  

!� ()'*+,-' ./%01- M (0K'L-' "78*%-' 9-'2 ?P>Q  # - %  
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!"# = $ , %! = & '( )*+,-./0 1234 05 '6*789:; 8 <=>+/ � &'? 85@  "!#$
:3A0BC  

DEFGH = �I$  " % $  
DEJ ≥ � > KI$  "&$  

DL8F/ J MN'+? O9PQ $R+48 ST48 ,M*U'++/ L8F/ %! M-VR+/ W9XY M.Z[ \'XU@ MNF] ^  "!'$
:3A0_ ,M*U'++/ L8F/ ` ab+c/ WFY Fd4 \'XU@ 3c;  "!($

DL8F/ ef K W3.U8 O9PQ $R+48  " % $  
Dg[h8 i; j3480 jF/ K W3.U8 O9PQ $R+48  "&$  
DFk?h8 i; j3480 jF/ K W3.U8 O9PQ $R+48  ")*$  

 12'l+U80  m[9+U8  3A0_  D!"!n  Ml*.o8  L8349U8  p'+Y@  MlTY  qY'?  85@  ,'6*/92  j340  %!!  mcr/  s+c2  "!+$
DMl*.o8 L8349U8 W3.U tO'*.o8 u8FvYw80
Dj xF/ %K M-VR+/ M*Y3./ W9XY M.Z[ 'c*/O 85@  "!,$

DL8 xF/ ` jO9H i; $9ry8 $R+48 ST48  " % $  
D12'l+U80 mx[9+U8 3A0_  "&$  

 ,L8O'z@ %! 'clv{ 85@ D$R.+{|U My'H =} L8O'z~8 1/ %# &_ �l� L8O'z~8 mY'r/ 34_ ^  "!-$
DMy'rU8 =} L8O'z�U 12'l+U80 m[9+U8 3A0BC

 12'l+U80 m[9+U8 3A0_ !"!# j3{'GU8 S-.U8 p'+Y@ MlTY qY'? 85�C '6*/92 Ml-; K #!! &'lU_ mcr/ s+c2  "!.$
D�'2h8 34_ ^ j3{'GU8 S-.U8 W3.U tO'*.o8 u8FvYw80

 '<lU'z %# O'*+�8 xa� 85@ D%K! �O83o8 �34@ ^ M*,-.U8 L'XN'To8 ^ &9?O':2 12�U8 �|ZU8 MlTY  EK!I
DM*,-.U8 L'XN'To8 ^ &9?O':2 �|z # aPc/ &9�2 &_ $R+48 3A0BC M{O3o8 �|z 1/ '6*789:;

:1/ 6|? 3A0_ DjF/ %� M-VR+/ W9XY M.Z[ q*/O  "/!$
DjO9rU8 O9PQ L8F/ W3.U tO'*.o8 u8FvYw8 ,12'l+U8 ,m[9+U8  
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 !"#$%#&  !"'&()*#&  +&,-%./#  0"1#&  !2(.3  4567  ,!"#$%%8  +&98  :;<  !/<=%8  >(1?  !*@A  B$1#C  !D9E  F  4!5

:G H7 !*@1%8 !"'&()2 +&,-%8 I?$J &KC ="L > M4N6
OP(Q#& >42 RS.T UV#& � W'&()*#& ,-%X&  4 6 5  

OP(Q#& >42 Y$S87 !<;< RS.T UV#& � W'&()*#& ,-%X&  4-5  
OZ [\8 $ ]N69@8 +$D$%^#& >42 RS.T UV#& � W'&()*#& ,-%X&  4785  

 _8  `9ab&  (/c  d4N&(#&  e$%A$@D  $f"'&()2  Ighi  ,j  kC  Z  l8  !.A98  !/<=%8  +$A$@D  :;<  [D  m"J  4"5
:456nL Oop%A$@g#& q2 lT>4*#& r(.3s (t � W'&()*#& ,-%X& e$J &KC r$5Pu&

Ovwx !\"*#& B$yL  4 6 5  
Ov�x W'&()*#& ,-%X& `48  4-5  

Ov� z = �xY = vv� zx>x :vwx !\"*#& B$yL {$\2 l8 |\2 RJ r(A6 Y=%N&  4785  
Ov�x W'&()*#& ,-%./# > }=%NG& _T~(%#& !#&>  4 9 5  

:Wt � W'&()*#& ,-%./# > }=%NG& _T~(%#& !#&> I?$J &KC  4:5

zZ−�Z
vzx>�������   

O� !."A 456nL  
,���  =  v�x>  ,��Z  =  vZ−x>  e$J6 {�  ,j  ,�  ,Z−}  :(t  �&48  $ ]*@1%8  $f"'&()2  & ],-%8  �  e$J  &KC  4;5

��� = vjx>
O� W'&()*#& ,-%./# > }=%NG& _T~(%#& !#&> �%J& 0< ,v�x> 4567  

:Wt � W'&()*#& ,-%./# > }=%NG& _T~(%#& !#&> I?$J &KC  4<5

zZ�j�
vzx>��������Z��j  

O� W'&()*#& ,-%./# μ _A(%#& 4567  
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 !"  # $%"  &'()  *  #+,-'./0  1234  56#7,8  9#:();  6'(<  &'()  =  #>?"  @ABCD"  &'()  E  F.G  H;I?J  #$%
:KL #" IM;NO 56'(PQ' &'(RS' TI0 UVPL � W-'./%S' XYDZ' 9#) '[\ 5H;I?]S'

5^9_ @?,%S' 6#7O `#?0 TI0  # & %  
5� W-'./%S' XYDZ' aI"  #'%  

5� W-'./%S' XYDZ' aI" `#?0 !" b?0 U) cCDd'  #()%  
5� W-'./%S' XYDPAS T eCDdf' gLh.DS' @S'T  # * %  

:Wi � gjkDZ' W-'./%S' XYDPAS T eCDdf' gLh.DS' @S'T 1l#) '[\  #+%
mn−pnq*

^m_Tprqprnpr*prnpr*  
5� W-'./%S' XYDPAS μ gs.DS' IM;t  

 .i � 9#) '[\ ,#+,-'./0 @s#j8 1234 ,u,) v 1%w; = ,x ,q ,p y#sz{#8 @Ps(" @ABCD" &#s#j8 x  #,%
 XYDPAS  Fz#,%Z'  |'(3lf';  !L#2DS';  gs.DS'  IM;NO  }u,RS'  !"  @8.3~Z'  @s#j2S'  �0  9;IZ'  �s(S'�

5� W-'./%S'
5� gjkD" W-'./0 XYDZ T eCDdf' gLh.DS' @S'T �2L e#DS' c;I�'  #-%

mpnq*
^m_ Tn�x�n*n�   

:IM;NO  
5^μ_ gs.DS'  # & %  

5^qσ_ !L#2DS'  #'%  
5^σ_ Fz#,%Z' |'(3lf'  #()%  

5� gjkDZ' W-'./%S' XYDPAS T eCDdf' gLh.DS' @S'T �2L e#DS' c;I�'  #!.%
mn−pnq

^m_Tprnprqprxpr*   
 XYDPAS  WP)'�S'  gLh.DS'  @S'T  &  �,d  ,^nr�_&  ,  ^n_&  ,  ^pr�_&  ,^p_&  ,  ^n−_&  :IM;t  

5� W-'./%S'
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!� "#$%&' ()'*+,-' ./%01- 2 (03'4-' "56*%-' 7-'8 9:; <,= >?5 @A%-' BCDE'  #!!$

FG−IGJ
KFL2IMNOIMPIIMQON   

:DRCS  
!KG ≥ � > G−LB  # % $  

!KJ ≥ � > ILB  #&$  
!KI < �L B  #'($  

:@A%-' BCDE' T U3 � ()'*+,-' ./%01- @U%VW' "56*%-' 7-'8 (X 8 YZ%-  #!)$

FINGP
KFL8IMGIMJIMNIMP   

!� ()'*+,-' ./%01- @U%VW' "56*%-' 7-'8 [A:= 9\]'  
IMN = B , ^ = [ :A_ `:%01,aC Y5DV Cb Ac:)'*+d ' e./%a � [A3 'bf  #!*$

:DRCgh  
!Kijk = �LB  # % $  

!KJ ≥ � > NLB  #&$  
 ./%&'  �  YZ:-  l*1,-'  `R*-'  7mVnaC  7:-A%%a  2'ia  onp  71pU%a  7:qD,a  8*$q  7,#;  rA$-'  Dsd  #!"$

!7=A%3 ]*tu 2'ia 8Dd vw05 lx-' ()'*+,-'
!KyL 7s:,-' rAzh DRCS  # % $  

!K�L ()'*+,-' ./%&' {Da DRCS  #&$  
!KyL 7s:,-' rAzh |Asd Ya }sd v3 ~*;C BU%V' DRCS  #'($  

!� ()'*+,-' ./%01- 8 @U%VW' "56*%-' 7-'8 DRCS  # + $  
!� ()'*+,-' ./%01- 8 @U%VW' "56*%-' 7-'8 9\]'  #',$  

!� ()'*+,-' ./%01- 2 (03'4-' "56*%-' 7-'8 DRCS  # - $  














































































































!"

:!"#$ ,%&'())* +,-* . /0)1* 2-3 -45 6(7'8 !19  #!"$
:+,-* ;<= > 2!?', @ABC DE)5,  # % $  

:FGH, I9 J!5,# J-* > 2!?', @ABC DE)5,  #&$  
:-KLH, I9 J!5,# J-* > 2!?', @ABC DE)5,  #'($  

:MN7O PQ@ARS @ABC DE)5, !"#$ :%&'())* +,-* ;<= %T=E)* %&3!?* 2A73 %?UG 6(7'8 !19  #!)$
:VW. AX -LY FZ[ \$ ]A^_ ]$ DE)5, ](L ,Y8 ,D(Z[$ %)` /aQ Jb$  #!*$

:!"#cO  
:N7O @ALY %=<= /B1&d ]A^_ ]$ DE)5,  # % $  

:;(3e, 2!9 f* FG$ @ALg', 2!9 ]A^_ ]$ DE)5,  #&$  
 !"#cO  VWVh  %i&?j,  JkB"H,  l()38  %im3  n3(L  ,Y8  :(o&*A_  , pq(B"  h.V  rA`(5  JkB"$  s1t*  u)1_  #!+$

:v(_H, !5$ w %i&?j, JkB"H, 2!?' \@(&?j, x,-y3z,# f_(i)',# sGA)',
 (o&{,A|9 }/Q ,Y8 :VWV~ \#(mQ l()3e, w (pi&9 \A� �)', JkB"H, %im3 n3(L# q(ZTQ JkB"$ s1t* u)1_  #!,$

:DE?)`<' %�(t', JkB"�' f_(i)',# sGA)', !"#cO ,s1tj, l()38 f* J!5# ~. �y`
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#$%&'&( )*+,-
.#/0,1 2+,3456 78,9 6:; <  ,#=$=> 2+,3456 78,9 6:; $  ?@AB ,C6+,3% ,D!!−!F )*+GH56 I

<  Ȗ  !"#$%&'( )&*+, -. /#0&'( 12(%345( 67&'( 8+, 9&3: ;+0: 1&5( "*+05( %< /,%&5(  D!F
<  Ȗ  !/#0&'( 12(%345( 67&*=5 ">?*'( 8+05( @A%B /*C&: 1&5( "*+05( %< -D@E&5(  DJF

 FG&B( 1< $ "*+05( H>. /#0&'( 12(%345( 67&*=5 I 1*J(K5( /DL%&5( "5(M  DKF
<  Ȗ  $ NO@PD OQ -R S7TQ V U%?D V+WX V 12(%345( 67&'( Y%,O

:V 67&*=5 M ZG&B[( /DL%&5( "5(M \]*D Z@&5( /DL%&5(  DLF

<  Ȗ  
^_`ab

c^dM_e`_e_f_eg_eg  
M ZG&B[( /DL%&5( "5(H5 ` NO@PD V 12(%345( 67&*=5 μ /,%&5( \4h 1&5( i "*+,  DMF

<  Ȗ  !SjT 1<  ^a`SjT
c^dMg̀ài

 

:U%?D V 12(%345( 67&*=5 I 1*J(S: /DL%: "5(H5  D"F
<  Ȗ  c$d I − cldI = cl ≥ V > $dF  

:U%?D V 12(%345( 67&*=5 I 1*J(S: /DL%: "5(H5  DNF
<  Ȗ  c$d I − ` = c$ > VdF  

V+B V 12(%345 67&*=5 M ZG&B[( /DL%&5( "5(M U@+X  DOF

<  Ȗ  m̀

am

bm

` a b V

ĉ dM

   :%<  ^_`ab
c^dMm̀ambmam

 

 /,%&5( Uno _ep q@C>5( "EPr 9r@J (sno t5@u b__ "E=#5( MH. @v+o "$wHR  DPF
<  Ȗ  !t5@u `f_ %< xWy@>5( "E=#5( MH45
<  Ȗ  p = czdU Uno Z(%&5( {. I(SR |}~ "=~G&R M%0r "4#, �@05� H>.  D!QF

 FG&B( Uno �HB(O �SR @ �4R -D�DG&R MSr NSCB �@05� "XSh -R  D!!F
<  Ȗ   ! `̀a  %< m Gv.%*� -DMH. w%v�
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 #$%&'() *+ ,)-.) /01)-.) 23# 4567 89%:; $<=3 >?@ -A)B ,C)#$%&') DEF#G HI0J 4K. ,LMN−!PQ HI#R&.) S
89%:T.)

:!" � !#$%&'($ )*+,-( . /0+12$ 345%+($ 6($. 789: $;<  L!PQ

:!" = 6,>? @AB   
CD−FDG

HCI.FJG=FJKFJG  
 

FJG U  LMN VW  FJK X  FJO G  
:!" � !#$%&'($ )*+,-( . /0+12$ 345%+($ 6($. 789: $;<  L!MQ

:PQ9RS = 6,>? @AB   
CDGO

HCI.==G=G  
 

FJK U  D VW  FJG X  FJT G  
:Y$&.) ,B-Z) [-\&]) ,L!^−!NQ HI#R&.) S

CFDGO
HCI.FJGFJKFJDFJO  

:!" � 3UV+W$ !#$%&'($ )*+,-( /0+12$ 345%+($ 6($. !" . X>1  
HD−IY  L!NQ

LMN U  FJK VW  FJZ X  FJG G  
HDJTIY  L!_Q

FJZ U  LMN VW  FJG X  FJK G  
HKIY  L!^Q

D U  FJK VW  FJD X  FJG G  
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:!" # $%&'() *+,-. /0)# 1 2345&6 1789)-:; ) 2<=&6 � >1? )@A  #!$%

:BC1D+ E0 *F-&0) >GH  IJKL
MIN#JOLPJOPJJOLP

 

JOP &  KOP '(  KOLP )  K *  
 # $%&'() *+,-&0) /0)Q0 1 2345&6 1789)-:; ) 2<=&6 � >1? )@A  #!"%

:-" BR183S) T)UVW() >GH ,XOLP = _�i # × LI � ,JOP = *F-&0) >1?C  
K &  ZO[P '(  L )  X *  
:$1&0) \CQ]) ^ _1436 � !9)-:30) <=&`a0 b !`?)c0) *+,-&0) /0)# d8F e3f gW1? )@A  #!+%

:BC1D. h /`8F >GH  ILZX
MINbJOKJOZh

 

JOi &  JOX '(  K )  JOP *  
:$1&0) \CQ]) ^ _1436 � !9)-:30) <=&`a0 b !`?)c0) *+,-&0) /0)# d8F e3f gW1? )@A  #,-%

 = MLN# >GH  IJKLZ
MIN bJOKJOZJO[K

 

K &  JOX '(  JOZ )  JO[ *  
 >1?C j1kRl) *6 mUno) -a. _Q')-0) >1&F14f 1789)-:; gpVq Z ,L ,K /`FU6 /ar%&6 b1F14f str  #,!%

:-" � mQ6 >GH uv&F14p0) w; x+#Q30) j-`yz -" � !9)-:30) <=&S)
{P ,X ,Z ,L ,K} )  {Z ,L ,K} *   
{i ,P ,X ,Z ,L} &  {P ,X ,Z ,L} '(   

:-" {F|) w; _Q')C _R-} R-~� \%&') ,v&801&&6 v.U6 /`�&�6 #-5W /34F !6R /fU� ^  #,,%
K &   ZX '(   KL )   KX *  














































































































!"

:!" � #$%&'( !)(*+,-( ./&01- 2 34&56( #78*&-( 9-(2 :;<= (>?  #$%&

:@A<B7 � !)(*+,-( ./&01- μ #C*&-( DEF  GHIJ
KGL2IMNOIO

 

PQR '   SO ()   JM *  I +  
 TUV*R V*WXY � !)(*+,-( ./&01- Jσ Z7<[&-( DEF 9\-<&&] ^(P] #_V` 90a&b] 2*%; 9,$C c<%-( dbe  #$,&

:@A<B7
f '   IJ ()  I *  J +  

 ,Hgh  =  KI−  =  �L  j  D<=A  IgN  ,I  ,I−  k\%-(  lmn7  < o,$%&]  <p\)(*+e  ( o./&]  �  D<=  (>?  #$-&
 = KH < �Lj DEF HgM = KI = �Lj

HgS '  Hgf ()  HgO *  Hgh +  
 DEF HgS = KM = �Lj ,HgJ = KJ = �Lj D<=A f ,M ,J k\%-( lmn7 <p\)(*+e ( o./&] � D<= (>?  #$.&

qqq = Kf = �Lj
r[s <t < p7  ̀u\- '  HgS ()  HgJ *  HgM +  

:/01 23- 45 678 9:; <+ /4=> /+ ?@ABC /D7 C8E ,?D:;+ F GHI JK+ ,#$F ,$L& MN>6OAPC Q
:*" v%F V*=> M kWb\_ D*w7 D` j4&5(  #$L&

HgJIO '  HgMhM ()  HgJSM *  HgJIM +  
:*" V*=l-( 2de @A<B7 x<;y( 2de D*w7 D` j4&5(  #$F&

HgJIO '  HgMhM ()  HgJSM *  HgJIM +  
 2d,-  #C*&-(  DEF  HgHJ  9[\,'(  ^(V<\B-(  9[B;  :;<=  (>?  qPW+-(  z  UV<\s  JHH  ^(V<\s  #b{]  |&b7  #$"&

:@A<B7 PW+-( z 9}&b'( 9[\,'( ^(V<\B-(
fH '  JH ()  f *  J +  














































































































!"

:!" #� $%&!'( )*+, -.+/& 012!34 5671 89:& 012!+:&  #$"%
;<=>

?;@A<B==<B>C<B>  &  

;CDEF
?;@A<BD<BG<B=<B<=  '  

;=C>
?;@A<BD<BG<B=  ()  

;=C>
?;@A<BD<BG<BC  *  














































































































!"

#$%&'()*+ ,-.')* ,/0*1234* 5*67')* #8−"−:+
Continuous Random Variables

,/;<;= >?@<A � ,B1&C)*
!"#$%&'( )* "+,$'( "-./'.0 "-1023#.0 40 $56'70 89/: 0;< /( = $>?  #"+

!/( $@+( A'B-. C2D/? EF$+%'G HI.0 JK02L./MN O(P.0  # = +  
! $Q#( >+M R S/%(T. H2UV.0 W>#70  #8+  

!XYZ >+M [< $Q#( >+M O( \X1/] "+?X. ^X6'V70 O(P.0  #DE+  
!=2_2.0 "`-Ba X#D  # F +  

!"b+: H* R cX?d0 =>e  #DG+  
:fg E. Wh'?i0 "j/L: ".0=) kl,'( /m-1023e 0 k $56'( � n/: 0;<  #!+

o ≥ p ≥ q :  rq � = JpN=s.; 0>e /( R :  XBa  
:>t)uj  

!Jqvw ≤ �NW  #8+  Jo ≥ � ≥ qNW  # = +  
:fg E. Wh'?i0 "j/L: ".0=) kl,'( /m-1023e 0 k $56'( � n/: 0;<  #H+

w ≥ p ≥ x :  rw � = JpN=s.; 0>e /( R :XBa  
:>t)uj  

!Jy = �NW #8+  Jw ≥ � ≥ xNW  # = +  
!Jq < �NW # F +  Jq ≥ �NW  #DE+  

:= ".0>.0 Oz'.  #:+
w ≥ p ≥ r− :  r| � = JpN=s.; 0>e /( R :  XBa  

!Wh'?0 "j/L: ".0= fg = ".0>.0 n* 8F}*  # = +  
!~�'U70 �h'?i0 �G�2'.0 �F'� = ".0>.0 n* 8F}*  #8+  

!Jy ≥ � > xNW >t)*  #DE+  
!= ".0>+. OG/F'.0) �$_2'.0 >t)*  # F +  














































































































!!

:! "#$%#$ &'(#  "#$
) ≥ * ≥ + :  ,- � = .*/!0#1 $%2 34 5 :  678  

9:;(<$ "=3>? "#$! @A ! "#$%#$ BC DEFC  " % $  
9GH(IJ$ K;(<L$ MNOP(#$ ME(Q ! "#$%#$ BC DEFC  "&$  

9.R ≥ �/: %STC  "'($  
9.R ≥ � ≥ -/: %STC  " ) $  

9! "#$%U# &N3E(#$T MVWP(#$ %STC  "'*$  
:! "#$%#$ &'(#  "+$

R ≥ * ≥ R− :  ,Y � = .*/ !0#1 $%2 34 5 :  678  
9:;(<$ "=3>? "#$! @A ! "#$%#$ BC DEFC  " % $  

9.,Z) ≥ � ≥ [Z)−/: %STC  "&$  
9! "#$%U# &N3E(#$T MVWP(#$ %STC  "'($  

:\N ;? "=6]4 @AT GH(IJ$ K;(<L$ MNOP(#$ ME(Q ! "#$%#$  ",$
 ̂≥ * ≥ [ :  ,̂ � = .*/ !0#1 $%2 34 5 :  678  

9:;(<$ "=3>? "#$! @A ! "#$%#$ BC DEFC  " % $  
9_Ŷ ≥ � ≥ [/: %STC  "&$  

9! "#$%U# &N3E(#$T MVWP(#$ %STC  "'($  
:@A _# :;(<L$ "=3>? "#$!T àb(4 3cde$Pf2 $ ` Vgh(4 � B3? $1i  "-$

- ≥ * ≥ [ :  * +j � = .*/ !0#1 $%2 34 5 :   678  
:%STk=  

., ≤ �/:  "'($  ., > �/:  "&$  .- ≥ � ≥ [/:  " % $  














































































































!"

:!" #$ %&'()* +,-./ +$*01 234'5 -678*9:; * 2 <=>'5 � ?-/ *@A  #$%
BC ≥ D ≥ E :  D F � = GDH 0

I$@ *J; -5 K :   LMN  
:JO1P,  

GBQ ≤ �H%  #&'%  GBR < �H%  #(%  GBC > � ≥ EH%  # ) %  
:JO1P, � !8*9:S$* =>'TU$ VW-7SX* !S7YZ$* [\]9'$* [Y'\ ; ?-/ *@A  #*+%

GC^R ≥ ; ≥ B^_H%  #&'%  GC^_B ≤ ;H%  #(%  GC^B  ̀≥ ;H%  # ) %  
:JO1P, VW-7SX* !S7YZ$* [\]9'$* [Y'\ ; ?-/ *@A  #**%

GE^`F ≥ ; ≥ B^CQ−H%  #&'%  GC^_F ≥ ; ≥ B^b−H%  #(%  GE^`R− ≥ ;H%  # ) %  
 [Y'\  #c-OW0  [\]9c  ?-/  *@A  ,+7d*WJ$*  0*9X*  eJ(A  K  f3Z$*  g-OW0  �  !8*9:S$*  =>'X*  h.T\  #*!%

BE = σ VW-7SX* #,*Lij*1 _E = μ #Zd1 Vk$* !S7YZ$* [\]9'$*
:JO1P,  

G__ ≥ �H%  #(%  Gb  ̀> � > REH%  # ) %  
:JO1l ,B` = Cσ #m\-Yc1 ,Qb = μ [n9'$* ,-67S7Yo - 2S\]9c [Y'\ � h4'5 !8*9:; <=>'5  #*"%

GQ_ > � > QEH%  # ) %  
GRE > � > Q_H%  #(%  

GQE < �H%  #&'%  














































































































!"

#$%&%&'( )%*+, - #./0123
:!" #$ %&'()* +,-./ +$*01 234'5 -678*9:; * 2 <=>'5 � ?-/ *@A  456

BC ≥ D ≥ E :  C � = FDG 0H$@ *I; -5 J :  KLM  
:IN1O,  

_BP < �G%  4786              _BP ≥ �G%  4-6              _BC ≥ � ≥ EG%  4 9 6  
BQ ≥ D ≥ E :  Q � = FDG0H$@ *I; -5 J :  KLM  :0 +$*I$* RS'$  4!6

T0 +$*I$* UVW*  4 9 6  
T%&'(* +,-./ +$*0 !" 0 ?X YZ[X  4-6  

TU\']^* _&'()* `ab9'$* `Z'c 0 ?X YZ[X  4786  
T_BQ ≤ �i% , _Bd ≥ �i% :IN1X  4:6  

T+$*I$* ef" #gZ'c hf$* `ab9'$* IaIi Igj kZV-]^* Ra-Z'$*1 `<l9c mn(*  4 7; 6  
:IN1X ,Qo = Qσ Ra-Z'$*1 dd = μ `l9'$* ?A p7( -67g7Zq - 2gab9c `Z'a � !8*9:; <=>'5  4<6

FrE ≥ � ≥ dsG%  4786  FsE ≤ �G%  4-6  FdC ≥ �G%  4 9 6  
 `ab9'$* `Z'a !8*9:; =>'5 9"1 +VWI^* tA %9M9u$ v3w$* I(X #lK>'na hf$* R5x$* � =>'^* y.za  4"6

:{j #$9M1 %&'(* mn(* Tr = Qσ Ra-Z'$*1 Bo = μ #gl9c !g7Zw$*
T+|7l0 Bo R5 ylX1 +|7l0 BQ R5 K./X  4786  +|7l0 Bd R5 K./X  4-6  +|7l0 Bd R5 ylX  4 9 6  














































































































!"

#$%&'&( )*+,-
.#/0,1 2+,3456 78,9 6:; <  ,#=$=> 2+,3456 78,9 6:; ?  @ABC ,D6+,3% ,EF−HI )*+JK56 L

<  ?  !"#$% &'()*+ ,-$% ). /01 234 56)7/8( 59:;  EHI
:<=$8=> 5?/@% A 58(B8( C;=> (DE  E!I

F ≥ G ≥ H :  FI � = JGKAL8D (B+ =% M :  /NO  
<  ?  !2P$Q( 5?=R> 58(A &. A 58(B8( ST?  

:&. U8 2P$QV( 5?=R> 58(AW X3#$% =YZ'()*+ ( X,-$% � S=> (DE  EMI
FI ≥ G ≥ H :  I � = JGK AL8D (B+ =% M :  /NO  

<  ?  !F = JI ≤ �K2 ST?  
:[\ P> 5?/@% ]^$_`( <P$QV( a\b)$8( a9$c 2P$Q( 5?=R> 58(A &. A 58(B8( C;=> (DE  ENI

d ≥ G ≥ H :  Fd � = JGK AL8D (B+ =% M :  /NO  
<  ?  !de = Iσ ). A 58(Bf8 g\=9$8( ST?  
<  ?  μ = G 2)Q "hP$% U;i &@Z9j8( a\b)$8( k()4 g%  E"I
<  ?  !BQ()8( lW=:c &@Z9j8( a\b)$8( m_n_% Co 5Q=:`(  EFI

 +,$K1O6  P%  Q6R56  2ST6R56  U(+  @ABC  .V$=>  ,WX(  YZ[  R\6]  ,D6+,$K16  #4^+?  )*S-  @_5  ,E`−aI  )*+JK56  L
.V$=b56

:&. U8 2P$QV( 5?=R> 58(A , X3#$% =YZ'()*+ ( X,-$% � S=> (DE  EaI
I ≥ G ≥ H :  G FI � = JGK AL8D (B+ =% M :  /NO  

 = JF = �K2 ST?  
p9q =r = Y\i sZ8 c  F de  /NO <  FI ?  














































































































!"

:!" #$ %&'()* +,-./ +$*0 , 123'4 -567*89: * 1;<'4 � =-/ *>?  #$%
@ ≥ A ≥ B− :  DE � = FAG 0H$> *I: -4 J :  KLM  

 = FBNE− ≥ �G% =O,  
DDP  &  DE '(  D )  KLM *  

:!" #$ %&'()* +,-./ +$*0 , 123'4 -567*89: * 1;<'4 � =-/ *>?  #+%
D ≥ A ≥ P :  A B � = FAG 0H$> *I: -4 J :  KLM   

 = _DB < �G% =O,  
DB &  DQ '(  @Q )  D *  

P �

�
@QDBDQ

D Q@B@D@

 :,-./01 ,2341 5 6.7841 9:;41 <=> ?@ ABC:D1 ?E F(* ,#G"−GI% ?JKLM41 5
:!" R-'$* S-6T$* UVK$* W: XYZ[ !'$* +$*I$*  #GI%

@Q > A > P :  @Q � = FAG 0H$> *I: -4 J :  KLM  *  

 Q@ > A > P :  @Q � = FAG 0H$> *I: -4 J :  KLM  )  

 Q@ > A > P :  Q@ � = FAG 0H$> *I: -4 J :  KLM  '(  
Q > A > P :  @Q � = FAG 0H$> *I: -4 J :  KLM  &  

:R&'()* \]^8'$* \T'[ 0 +$*I$*  #GG%
U_'`a* &  bc-6Za* !Z6Td$* '(  W]Ie* f*> )  !Z6Td$* *  

:8" \Xg8'$*  #G!%
@Q &  Q@ '(  B@ )  QE *  














































































































!"

:!" #$%&'()  #$%&
*+,
*-  '  *-

*+, ()  *-.  *  /01 +  
_/- > �i2  #$,&

*0 '  *- ()  */ *  *3 +  
_ /*0 < �i2  #$-&

* '  3/ ()  -0 *  0- +  
4* > � > +52  #$.&

3/ '  * ()  *3 *  /6 +  
:78%9: ;<=9() >!?@)8 ,A B()C() D<?<E FG H>!I?@) BJ%9@)  #$"&

0 '  3 ()  /3 *  * +  
KKKK = 40L36 ≥ ; ≥ +52 MNO ;P=&Q() R$S!'() R&'$ ; M%T )UV  #$/&

+L0*, '  +L/.+- ()  +L6 *  +L..+- +  
:78%9$ W 4� < ;52 MNO 7>%=P@) ;P=&Q() R$S!'() R&'$ %X=Y)!Z[ ) \]^'E ; M%T )UV  #$0&

4� > ;52 − * *  4� ≤ ;52 +  
4� ≥ ;52 − * '  4� ≥ ;52 ()  














































































































!"

#$%&'() *+,-.

:!"#$ ,%&= %σ '()*+,# && = μ '-./, *01-1+2 * 3-)4/, 5+6) � 789/:; <=6>  /01
?&& < �@A  / 2 1  
 ?&B > �@A  /31  

?CB > � > DB@A  /451  
:7E � 789/:-F9 <=6GHF I JK6LM9 5)4/6F9 NF9I OP*Q 9RS  /!1

T%CUVWBW%
?T@ IWUWDXWW%WW%WU  

YX !"#$  / 2 1  
YI JK6LM9 5)4/6F9 NF9I Z[\9  /31  

Y] 7GQ9^F9 5)4/6F9 NF9I !"#$  /451  
Y] 7GQ9^F9 5)4/6F9 NF9I Z[\9  / 6 1  

YZQ W '()*+,# ZQ WC '-./, *01-1+2 * 3-)4/, _9!> 5+6) 5`!>  /71
?ZQ W& a> !-b$ N`*c> dS Ne)fgF9 hi, j$ AK6L9 *>  / 2 1  

?ZQ WW a> h.$ N`*c> dS kg` Ne)fgF9 hi, j$ AK6L9 *>  /31  
?ZQ W&# WD lb N`*c> dS Ne)fgF9 hi, j$ AK6L9 *>  /451  














































































































!"

#$%&'(& )*+,(& -./01&
#2(.34 #5678

,!"#  =  $%&'  ,!"%  =  $#&'  ()*+  {,  ,-  ,%  ,#}  ./  0123  ) 456783  )9:;1.<=  1 4>?83  �  ()*  1@A  9:;
!"B = $-&'

C� D;1.<5E1 >?8FGE ' HI8JK1 LMN.8E1 OE1' P8*1 QR ,$,&' 2S+TU  
 ) 453 )V9:;1.<= W1X* - YZ[\ ]1X^_ W1X* %+ ]1X` W1X* , :)ab3 OGRI83 W1X* c d= e+2b_ f.8g  9!;

:hM )3 2S+TU ,]1X^iE1 W1XjE1 '2= klFM � D;1.<5E1 >?8m1 ()* 1@A Ce+2biE1 n3
C$o&( Ob:5E1 ])pU q)b= '2=  9 8 ;  

C� D;1.<5E1 >?8m1 r23  9<;  
C� D;1.<5E1 >?8m1 r23 q)b= n3 sb= k* tI8J1  9=>;  

C� D;1.<5E1 >?8FGE ' HI8JK1 LMN.8E1 OE1'  9 ? ;  
C� L6783 D;1.<= >?8m HI8JK1 LMN.8E1 OE1' H)8E1 t+2u1 vwZM  9@;

x%-,y
$x&t#BB,BB%BBBBB  

:2S+z  
Cσ f{):5m1 o1X[|K1  9=>;  C$#σ& nM)Z8E1  9<;  C$μ& L}.8E1  9 8 ;  

C� L678m1 D;1.<5E1 >?8FGE ' HI8JK1 LMN.8E1 OE1' H)8E1 t+2u1 vwZM  9A;
x#%-,y

$x&'!"B-!"By!"%,!"B,!"#  
:2S+z  

C$~&W , $y&W , $,&W , $-&W , $%",&W , $%&W , $#&W , $B&W  
 OUX5m hM )3 2S+TU !"!- �2\)^E1 PG5E1 �)8|A OZ�| Y|)* 1@A ,)9:3.M OZG= B #,! ()ZSz Lbi3 �8bM  9B;

:�)M�1 2Jz � �2\)^E1 PG5E1 '2=
C$σ& f{):5m1 o1X[|K1  9=>;  C$#σ& nM)Z8E1  9<;  C$μ& L}.8E1  9 8 ;  














































































































!"

:!" #$ %&'()* +,-./ +$*01 234'5 -678*9:; * 2<='5 � >-/ *?@  #$%
A ≥ B ≥ C− :  EF � = GBH 0I$? *J; -5 K :  LMN  

:JO1P,  
GQ ≥ � ≥ C−H%  #&%  GA ≥ � ≥ QH%   # ' %  
GC ≥ � ≥ E−H%  # ( %  GC = �H%  #)*%  

:!" #$ %&'()* +,-./ +$*0 R 234'5 -678*9:; * 2<='5 � >-/ *?@  #+%
 CA ≥ B ≥ Q :  B SC � = GBH 0I$? *J; -5 K :  LMN  

:JO1P,  
G EA ≤ � H%  #&%  G EA ≥ � ≥ QH%  # ' %  

:TU &/ +, VLW5 !"1 XY'Z[* \&'()* ]U^9'$* ]_'` 0 +$*J$*  #,%
F ≥ B ≥ A− :  Ea � = GBH 0I$? *J; -5 K :  LMN  

R%&'(* +,-./ +$*0 !" 0 >b c_db  # ' %  
GA ≥ � ≥ E−H% JO1b  #&%  

R0 +$*Je$ fU-_'$*1 ]g9'$* JO1b  #)*%  
:JO1P, ,� !8*9:W$* <='he$ ij-7W[* !W7_k$* ]U^9'$* ]_'U ; >-/ *?@  #-%

GClm ≥ ; ≥ ElnH%  #)*%  GElFC ≤ ;H%  #&%  GAlCn ≥ ;H%  # ' %  
 ]U^9'$*  ]_'U  o-OjJ$*  pq"  ]U^9`  >-/  *?@  Ro-7r-UL$*  s0-5  K  t3k$*  o-Oj0  �  <='[*  uV.hU  #."%

:JO1P, a = σ ij-7W[* #,*Lvw*1 μ = nQ #kx1 iq$* !W7_k$*
GnF ≥ �H%  #&%  GmF > � > AQH%  # ' %  














































































































!"

#$%&'&( )*+,-
 +,$./01  2%  31451  6781451  9(+  :;<=  >?$@A  ,BC(  DEF  4G1H  ,I1+,$./1  #JK+L  )*7-  :M5  ,NO−"Q  )*+R.51  S

>#@$@T51
:!" V !#$%&'($ )*+,-( . /0+12$ 345%+($ 6($. 789: $;<  N"Q

=>−@−A@>
B=C.AD@EAD>FGAD@HAD>  

= G 6,IJ KLM  
AD@ U  AD>H VW  ADN X  AD> L  

:Y,.51 3H4Z1 [4\.]1 ,N! ,^Q _C*7`.51 S
=@>NFH

B=C.AD>FADNAD>EAD@HADAH  
:V 3OP+Q$ !#$%&'($ )*+,-( /0+12$ 345%+($ 6($. !" . RI1

:KLM  
= B>CS  N^Q

AD>E U  ADN VW  ADHF X  AD>F L  
= BFDHCS  N!Q

ADTH U  ADU VW  AD>E X  AD@H L  
 .V'(  3J%+($  KLM  ADA>  6WI'Q$  S$X9IY($  6WY8  789:  $;<  ,Z[&($  \  ]X9I^  @HA  S$X9I^  3_`a  b+_4  NOQ

:%" V1$c Z[d \ 6e+_Q$ 6WI'Q$ S$X9IY($
EA U  > VW  NA X  N L  














































































































!"

!" #$%
&−( #$%&$'()*

Inequalities
 +,-$-. /&0$1 � +2345)*

:+,6,67* 8*92:* ;< =2 >7* +234? >@ABC +,D$(D* #$%&$'()* >E +234? 9FC. ,G!−IJ /&0K(D* L
) ! *( − &+ G!J , ≥ - − * + ! &&− G"J . ≤ * + + GIJ

/&- ≥ 0( + *+ :12345678 9:; /<- ,&−= >? ,<@ ,.= A ,<& ,-= � :1BC46C8 D4:2C8 EF 4 G3H IJ  GMJ
:+%&$'(B N>OD 8C97* ;< P-0* ,GQ−RJ S%&T4(D* L

@ ! - − 0 − * G 8 J      *- − + ≤ 0 GUFJ      &) ≥ 0- + *+ GVJ      ( � * + 0 G . J  GRJ
) ≥ 0- G 8 J            @ � ( − * GUFJ                        - ! 0 GVJ              +− ≤ * G . J  GQJ

:+%&$'(B N>OD >7* +6W%B $X,Y$,Z >@AB ,GI[−\J /&0K(D* L
&- ≤ 0 , + *-  GI[J        @ ≥ 0 + − *-  G]J       K ! 0 + − *  G^J       + � 0 + *  G\J

:I623456LMC NOP78 QR8 1:S2F 4GBT4BJ QUVF  GIIJ
&@ ≤ 0 - + * (  ,  + ! 0 + *

:S(%&$'(4_D `ab)* >7* +6W%B $X,Y$,Z >@AB ,GI\−I"J /&0K(D* L
& − *− ≥ 0 , , ≤ 0- + *  GI"J
& + *− ≥ 0 , - + * � 0  GI!J

- + * ≤ 0 , + + * ≥ 0  GIMJ
) � 0 + *- , + ! 0- − *  GIRJ

, − * ≤ 0 , + − * ! 0  GIQJ
* � 0 , & � 0 + *-−  GI\J

 QWX8 YZ &@ [\ ]^2BJ EF _46`a ,]BBb 1Mcd ]Be26C fWH ghi 4 jklm +@ [\ ]Bl78 naopF _46`  GI^J
qSR8 rLs QWX8 YZ E3$tu ( [\a ]Bv8 w8gZx

/yUMca z4e2C8 4GBT4BJ QUVF  GVJ                      /1C{p78 QBVL6C |423456F z4eT q6i8  G . J  
:+,D$(D* #$%&$'(4_D `ab)* >7* +6W%B $X,Y$,Z >@AB ,G"I−I]J /&0K(D* L

K ! 0 + + *-  ;  & � 0 − *  ;  - ≥ 0 + *  GI]J
+ ! & + 0  ;  - ≥ 0 + *-  ;  0 ≤ *  G"[J

@ ≥ 0 ; , ≥ 0 − *  ;  + ≤ 0 + *  G"IJ














































































































!!

 " #$%$%&' ($)*+ , "-./012
:"343452 627-82 9: ;- <52 "-./= <#>?@ "3A*BA2 C*D$*EB12 <F "-./= 7G@H ,IJ−LM ($)NBA2 O

!" ! " + # $ ≥ % IPM & � % − #" ILM
& ≥ # " − % ! !− IQM ( ≤ #$ − ( I!M

" ≥ ! + # !$ IJM ) ! $ − #& IRM
*& ,!−+ ,  ,  *" ,$+ -.  ,  *$− ,)+ /  ,  *0 ,0+ � :1234536 748936 :; 4 <=> ?@  ISM

A!0 ≤ B" + #$ :19=4C5D6 E8F
:TBD$*EB/UA VWX12 <52 "4YD? *Z3[*3\ <#>? ,ILL−]M ($)NBA2 O

" ! B + #"−
!− ≤ B + #

� I^M & ! B + #
$ − #" ! B

� I]M

% � B$ + #
G � B − #$

�ILLM $ � B − #
!& ≥ B + #$

�IL_M

 /45H36  IJKL  :=M49=,  12@IJ36  1NO34@  /45H36  IJK  A1J34PD6  Q5R  :;  ?STU  V6W  X=IY  Z[U>  \I]93  ILPM
^6_`D6  Q5H36  IJK  aPb5=  c>  QdL  efg6  hS  Q5R  G  i_`Y  j>  Qd  AkU4U,  &  12C9.g6  1NO34@

A6 lM49=, $0
A13mnD6 e2op53 q49=4C5; r4sU Q5R6  I H M  

At[OuL r4s936 4<2U42@ e[o;  I,M  
:"3A*BA2 C*D$*EB/UA VWX12 <52 "4YD? *Z3[*3\ <#>? ,ILR−L!M ($)NBA2 O

$− � B
# ! B

0 ! # + B



ILRM % ! B + #$
$ ≥ B − #

0 ≤ ! − #



ILQM ! � # − B
!$ ≥ B$ + #

" ≤ B



IL!M














































































































!"

!" #$%
&−(

#$%&' #()*'
Linear Programming

 #$+,+- ./0,1 � #23456'
:)*+,-+. /,01,2-3. 45 )6789 ,:*;,*< =>?@  789

A ≥ B& + C , ( ≥ B + C , D ≤ B , D ≤ C
EBF + C = GH I*5 ,JK81 ,L MN@ GH O=P. )+.Q 4RS T-+. UB ,CV W*X 4Y. )6789 JL =>?@ WZ

:)*+,-+. /,01,2-3. 45 )6789 ,:*;,*< =>?@  7:9
[ ≥ BF + C&  ,  [ ≥ B& + CF  ,  D ≤ B  ,  D ≤ C

EB\ + CF = GH I*5  ,  JK81 ,L $]^@ GH O=P. )+.Q 4RS T-+. UB ,CV W*X 4Y. )6789 JL =>?@ WZ

:;$< =>?@ #4$A B- C4D2 #4$A EF GHI' #*'J KLM NO*' 7P ,Q9 R$A HSB- ,7"−!9 UV/>4O*' W
B + C\ = GH O=P. )+.Q 7"9 B& + C[ = GH O=P. )+.Q 7!9

F

F

\

(

&

&

_

_ UD ,\V`
UD ,DVQ

U_ ,&V�

U( ,DVG>

�

�
U\ ,&VG>

UD ,[V`
UD ,DV�

U\ ,DVQ
F

F

\

\ (

&

&

_

_ �

�














































































































!"

 # $%&%&'( )%*+, - #./0123
:!"#$%#& '$()$*%+& ,- !./01 $2"3$"4 5678  456

9 ≥ :9 + ;<  ,  9 ≥ :< + ;9  ,  = ≤ :  ,  = ≤ ;
>: + ;? = @A B"- ,CD0) $E FG8 @A H5I& !#&J ,KL M%#& N: ,;O P"Q ,R& !./01 CE 5678 PS

:!"#$%#& '$()$*%+& ,- !./01 $2"3$"4 5678  476
T ≥ : + ;9  ,  U ≥ : + ;  ,  = ≤ :  ,  = ≤ ;

>:? + ; = @A B"- CD0) $E VWX8 @A H5I& !#&J ,KL M%#& N: ,;O P"Q ,R& !./01 CE 5678 PS

:89: ;<=> #09? @A B0C. #09? DE FGH3 #I3J K'L MNI3 4O ,P6 Q9? GR@A ,4S−!6 UV%<0NI3 W
:Y + ; = @A H5I& !#&J 4S6 : + ; = @A H5I& !#&J 4!6

Z

Z < ? 9 U

<

?

9

U

_<<?  ,<?i �

�

�

N= ,[O\
N= ,=OJ

N[ ,=O@6

N= ,9O\

N9 ,?O@6

NZ= ,=OJ

N= ,=O�

�

�9

9

[

[

T

Z=

<

<














































































































!"

#$%&'() *+,-.
:/+ -0 1-23 45 -6789 :;<& #=>?@& 4ABC ,DE ,FG H?+'I;<& J

! ≥ " + #
$ ≤ " , $ ≤ # 

% ! #

 DFG

& ≥ " − #
% ≥ # + "

(− � "
!− � #

 DEG

 ,)*+,- ./ 0-123 ( 4/5+6 789- :1;<- ./ =>?2 @ABC< DEBF- G?><- ./ HI1J KL*/16 MNKO PQ  D!G
 DHBR<- ./ 0-123 %8 )*+,- ./ HO12 4/5+6 SKT<- :1;<- ./ =>?2 @ABC<8 HBR<- ./ 0-123 %8
 789- :1;<- ./ =>?2 M*U/ ./ @JKJV % WOX68 HBR<- ./ K YO12 !&8 )*+,- ./ K YO12 !Z 46[< \K2 -]^
 4*+I _C<- `K>?><- V[I =aX?F 4+b8 `K;6KUC/ cKdJ )C2Ka DSKT<- :1;<- ./ =>?2 M*U/ ./ .6eK;6V8

?WOX<- -fg 1g K/8 Dhi3 WOe j*kBC< :1J l2 ./ Kg@Am














































































































!"

#$%&'( )*+,-( .&/01(
#2-&3% #4567

!"#$#$%& '&()*& +, -) .%& ")/01 .234 56 789:;<8=& .> (?@A  89:
B ≤ C − E  8 7 :  

F ≥ G + CE ! HI−  8;:  
!HE ≤ JG − C :"9:;<8=& K$L MN− ,EO P?  ,  MI ,HEO Q  ,  MG ,HO � :"#R;8R& S;$9R& T4 ; U:A 7V  8<:

I ! JF + C :"9:;<80WR .%& "$X94 ;U#Y;#V .234  8!:
:789:;<80WR Z[\=& .%& "$X94 ;U#Y;#V .234  8=:

] ≥ J − C E  ,  N � J + C  
:"#R;8R& ^;9:;<80WR Z[\=& .%& "$X94 ;U#Y;#V .234  8>:

J ≤ C
] ≥ JE + C

G ! H − C
�

 

:"#R;8R& ^;9:;<8=& .> ")/01 ;U#Y;#V (?@A  8?:
 _ ≥ J + CG , HI ≥ J + CN , I ≤ J , I ≤ C  

 ,T`0: ;4 abA@ T`0: ;4 cdeA Pf g(h& "R&' .ij k8R& MJ ,CO 5#l .% ")/01 T4 (?@A 56
!JE + C = Pf m#>

:"#R;8R& ^;9:;<8=& .> ")/01 ;U#Y;#V (?@A  8":
GH ≤ JE + C , EI ≤ JE + CN , I ≤ J , I ≤ C  

 m#> ,T`0: ;4 cdeA Pf g(h& "R&' .ij k8R& MJ ,CO 5#l .% ")/01 T4 (?@A 56
!J_ + CF = Pf














































































































!"

#$%&'&( )*+,-
.#/0,1 2+,3456 78,9 6:; <  ,#=$=> 2+,3456 78,9 6:; ?  @ABC D6+,3%,EF−HI )*+JK56 L

 <  ?

!−
!−

#−

#−

$
!

!

#

�#

�  %&' %()* %+,-' . /0012' /3452'
:67589:7;0- <=,2'

 ! � > + ?!
@ � > − ?

�

EHI

<  ?

�

�

!−

!

 %&' %()* %+,-' . /0012' /3452'
:A9589:7;0- <=,2'

 ? � >
! + ? ! >

$ ≤ >

�

EMI

<  ?

!−
!−

#−

#−

$
!

!

#

�#

�  %&' %()* %+,-' . /0012' /3452'
:67589:7;0- <=,2'

 ! ≤ >
? ≤ >

�

E!I

<  ?

B@ ,CDEB@ ,!D �

BF ,$DGH

!

!$

#

#

C

C

I

�

� BI ,CDGJBI ,$DK
>L$ + ?F = GH MNO' /-'K %PQ R7-' > ,? STU

B@ ,!D RH V+;8 9W XYZ[
ENI














































































































!"

#  $

!" ,#"$
!%" ,&"$

!'" ,"$

&"
&""

%"

%"

("

("

'"

'" #"�

�  )*+ ),-. )/01+ 2 34456+ 37896+
::;9<;=>?41 @A06+

 '" ≤ B + C%
#" ≤ B% + C

" ≤ B , " ≤ C

�

 %&'

 ()*+,-. /0 1.23. 456.23. 78( 9:;< =>*?@ )AB8 CDE 2F.G ,H.()*+,. IJK($ LM5N 9O3 ,%PP−R' LM(S+3. T
=>*?U3.

D>9<;=>?41 @A06+ )*+ ),-. )/01+ EF 34456+ 37896+  %R'

%"%−

%

%−

'−

'

'

�

�

 
% + C%− ≤ B

' − C ≥ B

� # % + C%− ! B
' − C ≤ B

� $

% + C%− ≥ B
' − C � B

� V % + C%− ≤ B
' − C ! B

� WX














































































































!"

:!" # + $#− ≤ &
$' ≥ &

� ()*+),-./ 0)12 3456+ 789/ :);,9/ <=>9/  #$%

#?

#

�

� &

##− ?
#−
@−

#
@

�

�  '

#

#

A �

� (

?#−
#−

#@−

@−

#
@

�

� )*

:B)-9/ 0)1*9/ 3C DE!6F G6H !" D;9)-9/ I)J*9/ GK LMN 7O  #+%
A − $P ! &
$' − Q ≤ &

�  
RS ,AT (  R@ ,@T )*  R'− ,#T &  RA ,P−T '  

 &U + $S = V" WXY/ D9/X9 R' ,?T ,_Q# , '#i ,R? , 'T ,R? ,?T Z" 3[/ DJ\*K $M]^ _2)` /ab  #,%
:Z" )Y c61d9/ D6;J9/ efg

#@ &  'Q '   
'? (  @Q )*   














































































































!"

:!"# $%&' () *+,- . + /0 = 12 3!456 7568 9:%; < ≥ . + /
=> ≥ .0 + /

? ≤ . , ? ≤ /

� @("'(ABC6 D(EF G  #"$%

HI ,?J &  H? ,?J '  
H? , <J (  HK ,0J )*  

::2 H? ,?J ,H? ,LJ ,H> ,=J ,HM ,?J :7N5(B56 /OP*56 Q5 RS56 @("'(ABC6 D(EF  #""%
M ≥ . + /

K ≥ .0 + /
? ≤ . , ? ≤ /

�& M ≤ . + /
K ≤ . + /0

? ≤ . , ? ≤ /

� '

M ≥ . + /
K ≥ .0 + /0

? ≤ . , ? ≤ /

� ( M ≥ . + /
K ≥ . + /0

? ≤ . , ? ≤ /

� )*




















































































أ / محمد نوري الف"ح 








